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Introduction

▶ Consider the overdamped Langevin dynamics:

dXt = −∇V (Xt)dt +
√
2dBt (1)

and its Euler-Maruyama discretization

X(k+1)h = Xkh − h∇V (Xkh) +
√
2(B(k+1)h − Bkh) (2)

▶ Continuous dynamics: the distribution of Xt converges to stationary
distribution π ∝ e−V .

▶ Discrete scheme: the distribution of Xkh converges to a biased
stationary distribution πh.

▶ Convergence and bias bounds in W2 distance (O(
√
dh)) proved by

coupling argument.
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Definitions: KL divergence

▶ The KL divergence of ρ w.r.t. a base measure ν is (when they both
have densities)

Hν(ρ) =

∫
Rn

ρ(x) log
ρ(x)

ν(x)
dx

or generally when ρ << ν

Hν(ρ) =

∫
Rn

f (x) log f (x)dν(x), f =
dρ

dν

▶ The relative fisher information of ρ w.r.t. ν is

Jν(ρ) =

∫
Rn

ρ(x)

∥∥∥∥∇ log
ρ(x)

ν(x)

∥∥∥∥2dx
or more generally

Jν(ρ) =

∫
Rn

∥∇ log f (x)∥2dρ(x), f =
dρ

dν
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Definition: Log-Sobolev Inequality

A probability measure ν is said to satisfy the Log-Sobolev inequality with
constant α if for any probability measure ρ,

Hν(ρ) ≤
1

2α
Jν(ρ)

Or, equivalently, for any smooth g such that Eν [g
2] < ∞,

Eν [g
2 log g2]− Eν [g

2] logEν [g
2] ≤ 2

α
Eν [∥∇g∥2]

▶ Any strongly log-concave measure satisfies the log-Sobolev
inequality (Bakry-Emery); preserved under bounded perturbations.

▶ Theorem (Otto-Villani): any measure ν satisfying the log-Sobolev
inequality also satisfies the Talagrand inequality, i.e. for all
probability measures ρ, α

2W2(ρ, ν)
2 ≤ Hν(ρ)

▶ (Lacker-Zhou) If π ∝ e−V satisfies log-Sobolev with constant α and
∇V is β-Lipschitz, then α ≤ β.
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Convergence of overdamped Langevin: strategy

1 Derive a Fokker-Planck equation satisfied by the distributions of
interest

2 Using the PDE, differentiate the KL divergence in time: one needs
to resolve the technicality in differentiability -
▶ use regularity theory of the Fokker-Planck equation to gain enough

derivatives,
▶ use the weak formulation to differentiate, or
▶ use density of smooth compactly supported functions in distributions

to somehow approximate

3 Extract a negative definite term using the log-Sobolev inequality,
and examine the rest:
▶ For continuous dynamics 1, there is no other term;
▶ For discrete dynamics 2, there is a time-discretization error term;

4 Use log-Sobolev and Talagrand inequalities and other statistical
bounds to treat the error terms, and deduce a differential inequality;

5 Conclude the decay estimate via integrating the above inequality.
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Continuous dynamics: Fokker-Planck I

Assume: the target measure π satisfies log-Sobolev inequality with
constant α.
Denote ρt as the distribution of Xt . Suppose f is smooth and compactly
supported in Rn, apply Ito’s formula and use dXt = −∇V (Xt)dt+

√
2dBt

f (Xt) = f (X0)−
n∑

j=1

∫ t

0

∂j f (Xs)∂jV (Xs)ds +
n∑

j=1

∫ t

0

∂j f (Xs)
√
2dB j

s

+
n∑

j=1

∫ t

0

∂2
j f (Xs)ds

The second term has zero expectation. As a result:

E[f (Xt)] = E[f (X0)]− E[
∫ t

0

∇f (Xs) · ∇V (Xs)ds] + E[
∫ t

0

∆f (Xs)ds]

and differentiation gives

d

dt
E[f (Xt)] = −E[∇f (Xt) · ∇V (Xt)] + E[∆f (Xt)]

Overdamped Langevin Convergence Kaiwen Zhang



References Introduction Convergence of overdamped Langevin Convergence of Marginal Distributions

Continuous dynamics: Fokker-Planck II

We use the pairing notation E[f (Xt)] = ⟨ρt , f ⟩
▶ Left: d

dtE[f (Xt)] =
d
dt

∫
Rn f ρt =

∫
Rn

d
dt (f ρt) =

∫
Rn f

d
dt ρt = ⟨f , ∂tρt⟩

▶ Right: divergence term:

f∇ · (ρt∇V ) = ∇ · (f ρt∇V )− ρt∇f · ∇V

In spacial integration, the second term vanishes. Thus

−
∫
Rn

ρt∇f · ∇V = −E[∇f (Xt) · ∇V (Xt)] = ⟨f ,∇ · (ρt∇V )⟩

▶ Right: Laplacian term: using u∆v = ∇ · (u∇v)−∇u · ∇v twice

E[∆f (Xt)] =

∫
Rn

ρt∆f =

∫
Rn

f∆ρt = ⟨f ,∆ρt⟩

Thus ρt solves in distributional sense:

∂tρt = ∇ · (ρt∇V ) + ∆ρt = ∇ ·
(
ρt∇ log

ρt
π

)
(3)
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Continuous dynamics: differentiating KL

∂tHπ(ρt) = ∂t

∫
ρt log

ρt
π

= ∂t

∫
ρt log ρt + ρtV

=

∫
(∂tρt) log ρt + ∂tρt + V ∂tρt =

∫
∂tρt(log ρt + V ) + 0

=

∫
(∂tρt) log

ρt
π

=

∫
∇ · (ρt∇V +∇ρt) log

ρt
π

= −
∫

(ρt∇V +∇ρt) · ∇ log
ρt
π

= −
∫

ρt(∇V +
∇ρt
ρt

) · ∇ log
ρt
π

= −
∫

ρt(−∇ log π +∇ log ρt) · ∇ log
ρt
π

= −
∫

ρt

∥∥∥∥∇ log
ρt
π

∥∥∥∥2 = −Jπ(ρt)

If π satisfies the log-Sobolev inequality, we have −Jπ(ρt) ≤ −2αHπ(ρt).
Thus ∂tHπ(ρt) ≤ −2αHπ(ρt) and then we deduce

d

dt

(
e2αtHπ(ρt)

)
≤ 0, so Hπ(ρt) ≤ e−2αtHπ(ρ0)
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Discrete scheme: assumptions

Recall the scheme

X(k+1)h = Xkh − h∇V (Xkh) +
√
2(B(k+1)h − Bkh)

Target density π: assume

▶ the target density π ∝ exp(−V ) satisfies the log-Sobolev inequality
with constant α.

▶ ∇V is Lipschitz with constant β.

Step size h: assume

▶ h < α
4β2

▶ Consequently: h < 1
3α (since α ≤ β)
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Discrete scheme: one-step contraction - goal

Consider a one-step interpolation, i.e. for 0 ≤ t ≤ h

Xt = X0 − t∇V (X0) +
√
2Bt

Denote ρh as the distribution of Xh. Goal:

Hπ(ρh) ≤ e−αhHπ(ρ0) +
2

3α
(2hnβ2 + 2h2nβ3) (4)

Afterwards, we iterate the estimate for k steps to get:

Hπ(ρkh) ≤ e−kαhHπ(ρ0) +
2

3α(1− e−αh)
(2hnβ2 + 2h2nβ3) (5)
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Discrete scheme: one-step contraction - Fokker-Planck

Similar calculations:

E[f (Xt)] = E[f (X0)]− E[
∫

∇f (Xs) · ∇V (X0)ds] + E[
∫ t

0

∆f (Xs)ds]

d

dt
E[f (Xt)] = −E[∇f (Xt) · ∇V (X0)] + E[∆f (Xt)]

By def’n of conditional expectation: E[XY ] = E[XE[Y |X ]]. Then

d

dt
E[f (Xt)] = −E[∇f (Xt) · E[∇V (X0)|Xt ]] + E[∆f (Xt)]

so ρt satisfies the following equation in a distributional sense:

∂tρt = ∇ · (ρtb(x , t)) + ∆ρt

where b(x , t) = E[∇V (X0)|Xt = x ] is a vector field.
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Discrete scheme: one-step contraction - differentiating KL

▶ Seek: the negative-definite term in continuous dynamics

▶ Add and subtract:

∂tρt = ∇ · (ρt∇V + ρt(b(x , t)−∇V )) + ∆ρt

Similar calculations for ∂tHπ(ρt) (all integrals over Rn unless specified)

∂tHπ(ρt) =

∫
(∂tρt) log

ρt
π

=

∫
[∇ · (ρt∇V ) + ∆ρt ] log

ρt
π

+

∫
∇ · [ρt(b −∇V )] log

ρt
π

= −Jπ(ρt)−
∫
Rn

ρt(x)[E[∇V (X0)|Xt = x ]−∇V (x)] · ∇ log
ρt(x)

π(x)
dx

= −Jπ(ρt) +

∫
Rn

ρt(x)[∇V (x)− E[∇V (X0)|Xt = x ]] · ∇ log
ρt(x)

π(x)
dx
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Discrete scheme: one-step contraction - bounding error I

▶ Error comes from time-discretization.

▶ Using u · v ≤ ∥u∥ · ∥v∥ = 2∥u∥ · 1
2∥v∥ ≤ ∥u∥2 + 1

4∥v∥
2,

∂tHπ(ρt) ≤ −Jπ(ρt) +
1

4

∫
ρt

∥∥∥∥∇ log
ρt
π

∥∥∥∥2
+ E

[∥∥∥∥∇V (Xt)− E[∇V (X0)|Xt ]

∥∥∥∥2
]

= −3

4
Jπ(ρt) + E

[∥∥∥∥∇V (Xt)− E[∇V (X0)|Xt ]

∥∥∥∥2
]

(6)

▶ ∇V (Xt) is Xt-measurable; apply conditional Jensen:

E
[
∥∇V (Xt)− E[∇V (X0)|Xt ]∥2

]
= E

[
∥E[∇V (Xt)−∇V (X0)|Xt ]∥2

]
≤ E[E[∥∇V (Xt)−∇V (X0)∥2|Xt ]] = E[∥∇V (Xt)−∇V (X0)∥2]
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Discrete scheme: one-step contraction - bounding error II

▶ Apply Lipschitz condition on ∇V , def’n of Xt , independence
between X0 and Bt :

E[∥∇V (Xt)−∇V (X0)∥2] ≤ β2E[∥Xt − X0∥2]

= β2E
[
∥−t∇V (X0) +

√
2Bt∥2

]
= β2(t2E[∥∇V (X0)∥2] + 2E[∥Bt∥2])

= β2t2E[∥∇V (X0)∥2] + 2tnβ2

▶ No info on distribution to X0, so bridge to π: ∀ r.v. Y ∼ π:

E[∥∇V (X0)∥2] = E[∥∇V (Y ) +∇V (X0)−∇V (Y )∥2]
≤ 2E[∥∇V (Y )∥2] + 2E[∥∇V (X0)−∇V (Y )∥2]
≤ 2nβ + βE[∥X0 − Y ∥2]

▶ Choose Y with optimal coupling s.t. E[∥X0 − Y ∥2] = W2(ρ0, π)
2
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Discrete scheme: one-step contraction - bounding error IV

▶ Otto-Villani: log-Sobolev imples Talagrand, W2(ρ0, π)
2 ≤ 2

αHπ(ρ0);

▶ Error term estimate:

E[∥∇V (Xt)−∇V (X0)∥2] ≤ 2tnβ2 + 2t2nβ3 + 4
β4t2

α
Hπ(ρ0)

▶ In inequality 6, use log-Sobolev to relate Jπ(ρt) and Hπ(ρt):

∂tHπ(ρt) ≤ −3

4
Jπ(ρt) + 2tnβ2 + 2t2nβ3 +

4t2β4

α
Hπ(ρ0)

≤ −3α

2
Hπ(ρt) +

4t2β4

α
Hπ(ρ0) + 2tnβ2 + 2t2nβ3

▶ Upper bound error by replacing t with h, integrate from t = 0 to h:

Hπ(ρh) ≤
[
e−

3αh
2 +

8h2β4

3α2
(1− e−

3αh
2 )

]
Hπ(ρ0) +

2

3α
(2hnβ2 + 2h2nβ3)
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Discrete scheme: clearing constants and conclusion

▶ Goal: coefficient in front of Hπ(ρ0) is less than 1

▶ Use: h ≤ α
4β2 =⇒ 8h2β4

3α2 ≤ 8β4

3α2
α2

16β4 = 1
6 ,

1− e−x ≤ x =⇒ 1− e−
3αh
2 ≤ 3αh

2 , and h ≤ 1
3α =⇒ 3αh

2 ≤ 1
2

▶ Overall estimate:

e−
3αh
2 +

8h2β4

3α2
(1− e−

3αh
2 )

≤ e−
3αh
2 +

1

6

3αh

2
= e−

3αh
2 +

1

4
αh

= e−
3αh
2 (1 +

1

4
αhe

3αh
2 ) ≤ e−

3αh
2 (1 +

1

4
αhe

1
2 )

≤ e−
3αh
2 (1 +

1

2
αh) ≤ e−

3αh
2 e

αh
2 = e−αh

▶ Hence we have proved the one-step estimate

Hπ(ρh) ≤ e−αhHπ(ρ0) +
2

3α
(2hnβ2 + 2h2nβ3)
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Convergence of marginal distributions: setup and notations

▶ Xt ∈ Rn. Denote the set of indices as [n] = {1, 2, ..., n}. We use
u ⊂ [n] to refer to a subset of dimensions.

▶ X u
t means the dimensions in u of variable Xt , ρ

u
t refers to the

marginal distribution

▶ Given π ∝ e−V , form a graph whose vertices are indices [n]. Define
i ∼ j if ∂ijV is not identically zero.

▶ ∇uf means the gradient of f in the directions in u

▶ N(u) = ∪i∈uN(i) is the neighborhood of u. Note that ∇uV only
depends on the coordinates in N(u)

Recall the scheme:

X(k+1)h = Xkh − h∇V (Xkh) +
√
2(B(k+1)h − Bkh)

Notation: for u ⊂ [n], denote

Ht(u) := Hπu (ρut )
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Assumptions

On target distribution π:

▶ π ∼ exp(−V ) satisfies the log-Sobolev inequality with constant α.

▶ the potential V is such that ∇V is Lipschitz with constant β.

▶ there exists γ > 0 such that for any u ⊂ {1, 2, ..., n}, xu ∈ Ru, and
any probability measures µ on Ru, we have

∥Eµ[∇uV (·, xu)]− EY∼π[∇uV (Y )|Y u = xu]∥2 ≤ 2γβ2

α
H

π
N(u)\u|u
xu

(µ)

Here, the notation π
N(u)\u|u
xu means the conditional distribution of

N(u) coordinates under an overall joint distribution π, given that
the u coordinates are xu.

On initial condition:

▶ there exists C0 ≥ 0 such that H0(u) ≤ C0|u| for all u ⊂ [n].

Conditions on step size h depends on growth conditions on the size of
neighborhoods Nk(u). Will specify later.
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Deriving Fokker-Planck: I

Suppose dXt = −∇V (X0) +
√
2dBt for 0 ≤ t ≤ h. Expand via Ito:

ϕ(X u
t ) = ϕ(X u

0 ) +
∑
i∈u

∫ t

0

∂iϕ(X
u
s )dX

(i)
s +

1

2

∑
i,j∈u

∫ t

0

∂ijϕ(X
u
s )d

〈
X (i),X (j)

〉
s

Using the SDE for dXs , one term vanishes in expectation, so after time
differentiation:

d

dt
E[ϕ(X u

t )] = −E[∇uϕ(X
u
t ) · ∇uV (X0)] + E[∆uϕ(X

u
t )]

Make everything dependent on ρut using conditional expectation:

d

dt
E[ϕ(X u

t )] = −E[∇uϕ(X
u
t ) · E[∇uV (X0)|X u

t ]] + E[∆uϕ(X
u
t )]

This is the distributional form of the Fokker-Planck equation

∂tρ
u
t = ∇u·(ρut bu(xu, t))+∆uρ

u
t , where bu(xu, t) = E[∇uV (X0)|X u

t = xu]
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Deriving Fokker-Planck: II

Closer view:
∂tρ

u
t = ∇u · (ρut bu(xu, t)) + ∆uρ

u
t (7)

bu(xu, t) = E[∇uV (X0)|X u
t = xu]

Recall:

▶ coefficient in full-dimensions continuum dynamics - ∇V .

▶ ∇u(x) depends on coordinates in N(u).

Two sources of error:

▶ time discretization - inferring info on X0 based on Xt ;

▶ spacial localization - inferring info on N(u) based on X u
t .
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Error terms: I

Differentiate KL divergence (formally):

d

dt

∫
ρut log

ρut
πu

=
d

dt

∫
ρut log ρ

u
t −

d

dt

∫
ρut log π

u

=

∫
(∂tρ

u
t ) log

ρut
πu

=

∫
∇u · (ρut bu(xu, t) +∇uρ

u
t ) log

ρut
πu

= −
∫
(ρut b

u(xu, t) +∇uρ
u
t ) · ∇u log

ρut
πu

▶ Q: what coefficient multiplied to ρut can give us the term

ρut ∥∇u log
ρu
t

πu ∥2?
▶ A: −∇u log π

u. (Note: it is not ∇uV )
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Error terms: II

Add and subtract to reveal the negative definite term:

d

dt

∫
ρut log

ρut
πu

=−
∫
(−ρut∇u log π

u +∇uρ
u
t ) · ∇u log

ρut
πu

+ ρut (b
u(xu, t) +∇u log π

u) · ∇u log
ρut
πu

=−
∫

ρut

∥∥∥∥∇u log
ρut
πu

∥∥∥∥2 + ρut (b
u(xu, t) +∇u log π

u) · ∇u log
ρut
πu

▶ The first term we keep, the second term we bound.

▶ Bounding the 2nd term should eat away some of the constant in the
first term and leave us with E

[
∥bu(X u

t , t) +∇u log π
u(X u

t )∥2
]
.

▶ Could do this by either u · v ≤ ∥u∥2 + 1
4∥v∥

2 (Vempala-Wibosono)
or by completing the square (Lacker-Zhou).
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Error terms: III

Arrive at the bound: (recall ρut is the distribution of X u
t )

∂tHπu (ρut ) ≤ −1

2
Jπu (ρut ) +

1

2
E
[
∥bu(X u

t , t) +∇u log π
u(X u

t )∥2
]

(8)

Study the error term:

▶ first, bu(X u
t , t) = E[∇uV (X0)|X u

t ];

▶ whereas:

∇u log π
u(xu) =

1

πu(xu)
∇uπ

u(xu) =
1

πu(xu)
∇u

∫
π(x , xu)dx

=
1

πu(xu)
∇u

∫
e−V (x,xu)dx

= −
∫

∇uV (x , xu)
e−V (x,xu)

πu(xu)
dx

= −EY∼π[∇uV (Y )|Y u = xu]
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Error terms: IV

Idea: separate error into two terms, one for time discretization, one for
what’s left.
For any ϵ ∈ (0, 1), (x + y)2 ≤ 1

ϵ x
2 + 1

1−ϵy
2, so:

E[∥bu(X u
t , t) +∇u log π

u(X u
t )∥2]

=E[∥bu(X u
t , t)− E[∇uV (Xt)|X u

t ] + E[∇uV (Xt)|X u
t ] +∇u log π

u(X u
t )∥2]

≤ 1

1− ϵ
E[∥bu(X u

t , t)− E[∇uV (Xt)|X u
t ]∥2] . . . ”continuity term”

+
1

ϵ
E[∥E[∇uV (Xt)|X u

t ] +∇u log π
u(X u

t )∥2] . . . ”hierarchy term”

≤ 1

1− ϵ
E[∥∇uV (X0)−∇uV (Xt)∥2]

+
1

ϵ
E[∥E[∇uV (Xt)|X u

t ]− EY∼π[∇uV (Y )|Y u = X u
t ]∥2]
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Error terms: conclusion

▶ Supposing π satisfies the log-Sobolev inequality, its marginal πu also
obeys the log-Sobolev inequality with the same constant - switches
J back to H.

▶ Thus for any ϵ ∈ (0, 1) we have

∂tHπu (ρut ) ≤ −αHπu (ρut ) + A1
t (u) + A2

t (u) (9)

where

A1
t (u) =

1

2(1− ϵ)
E[∥∇uV (X0)−∇uV (Xt)∥2]

A2
t (u) =

1

2ϵ

∫
∥E[∇uV (Xt)|X u

t = xu]

− EY∼π[∇uV (Y )|Y u = xu]∥2ρut (dxu)
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Continuity term: I

▶ ∇uV is a β-Lipschitz function of coordinates in N(u).
▶ Denote w = N(u). Then: (|w | means no. of coordinates in w)

E[∥∇uV (X0)−∇uV (Xt)∥2] ≤ β2E[∥Xw
t − Xw

0 ∥2]

= β2E[∥−t∇wV (X0) +
√
2Bw

t ∥2]
= β2t2E[∥∇wV (X0)∥2] + 2β2t|w |

Treat E[∥∇wV (X0)∥2]: try the Vempala-Wibisono argument via coupling

E[∥∇wV (X0)∥2] ≤ 2E[∥∇wV (X0)−∇wV (Y )∥2] + 2E[∥∇wV (Y )∥2]

≤ 2β2E[∥XN(w)
0 − Y N(w)∥2] + 2E[∥∇wV (Y )∥2]

▶ To bound 1st term: vary Y over all random variables with N(w)
marginal πN(w), select optimal coupling

▶ To bound 2nd term: sample the remaining coordinates of Y by
conditioning π on the N(w) coordinates.

Then the 1st term becomes Wasserstein distance, and the 2nd term is
bounded using the generator. There is another approach though. . .
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Continuity term: II

Lacker-Zhou: appeals to Kantorovich duality

▶ For any continuous functions f , g such that

f (xN(w))− g(yN(w)) ≤ ∥xN(w) − yN(w)∥2 for ρ
N(w)
0 -almost every

xN(w) and πN(w)-almost every yN(w), one has∫
fdρ

N(w)
0 −

∫
gdπN(w) ≤ W 2

2 (ρ
N(w)
0 , πN(w))

▶ Choose f (xN(w)) = 1
2β2 ∥∇wV (xN(w))∥2, and

g(yN(w)) = 1
β2 ∥∇wV (yN(w))∥2.

▶ Pointwise,
∥∇wV (xN(w))∥2 ≤ 2β2∥xN(w) − yN(w)∥2 + 2∥∇wV (yN(w))∥2

▶ Therefore f (xN(w))− g(yN(w)) ≤ ∥xN(w) − yN(w)∥2
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Continuity term: III

Note that since ∇wV only depends on N(w) variables,∫
RN(w)

∇wV (xN(w))dρ
N(w)
0 = E[∥∇wV (X0)∥2]

Apply Kantorovich duality:

1

2β2
E[∥∇wV (X0)∥2]−

1

β2
Eπ[∥∇wV (Y )∥2] ≤ W 2

2 (ρ
N(w)
0 , πN(w))

Rearrange

E[∥∇wV (X0)∥2] ≤ 2β2W 2
2 (ρ

N(w)
0 , πN(w)) + 2Eπ[∥∇wV (Y )∥2]

The marginals satisfy the Talagrand inequality. Thus

E[∥∇wV (X0)∥2] ≤
4β2

α
HπN(w)(ρ

N(w)
0 ) + 2Eπ[∥∇wV (Y )∥2]
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Continuity term: IV

Now treat Eπ[∥∇wV (Y )∥2]

Eπ[∥∇wV (Y )∥2] =
∫

∇wV (y) · ∇wV (y)e−V (y)dy

= −
∫

∇wV (y) · ∇wπ(y)dy =

∫
∆wV (y)π(y)dy = Eπ[∆wV (Y )] ≤ β|w |

Putting everything together,

A1
t (u) ≤

1

2(1− ϵ)

[
β2t2

(
4β2

α
HπN(w)(ρ

N(w)
0 ) + 2β|w |

)
+ 2β2t|w |

]
=

2β4t2

α(1− ϵ)
HπN(w)(ρ

N(w)
0 ) +

β2t(βt + 1)

1− ϵ
|w |

We might introduce the notation Ht(u) = Hπu (ρut ) and bound t ≤ h to
rewrite the estimate as

A1
t (u) ≤

2β4h2

α(1− ϵ)
H0(N2(u)) +

β2h(βh + 1)

1− ϵ
|N(u)|
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Hierarchy term

Now we treat A2
t . Recall its definition:

A2
t (u) =

1

2ϵ

∫
∥E[∇uV (Xt)|X u

t = xu]−EY∼π[∇uV (Y )|Y u = xu]∥2ρut (dxu)

We specifically had an assumption for this: assume there exists γ > 0
such that for any u ⊂ {1, 2, ..., n}, xu ∈ Ru, and any probability measures
µ on Ru, we have

∥Eµ[∇uV (·, xu)]− EY∼π[∇uV (Y )|Y u = xu]∥2 ≤ 2γβ2

α
H

π
N(u)\u|u
xu

(µ)

Therefore

A2
t (u) ≤

γβ2

αϵ

∫
Ru

H
π
N(u)\u|u
xu

(ρ
N(u)\u|u
t,xu )dρut (x

u)
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Bounding individual terms: conclusion

Apply the chain rule for KL divergence: Suppose we have coordinates
x , y , and ν, µ joint densities on (x , y). Then

Hν(µ) = Hνx (µx) +

∫
Hνy|x (µy |x)dµx(x)

where the subscripted measures are marginals and conditional measures
respectively.
Thus

A2
t (u) ≤

γβ2

αϵ
(Ht(N(u))− Ht(u))

and we have

∂tHt(u) ≤ −αHt(u) +
2β4h2

α(1− ϵ)
H0(N2(u)) +

β2h(βh + 1)

1− ϵ
|N(u)|

+
γβ2

αϵ
(Ht(N(u))− Ht(u)) (10)
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One-step estimate: setup

▶ Goal: integrate inequality from 0 to h.

▶ Separate time-dependent terms from time-independent ones.

▶ Define C0(u) :=
2β4h2

α(1−ϵ)H0(N2(u)) +
β2h(βh+1)

1−ϵ |N(u)|
(time-independent)

▶ Suppose F is a function that takes a subset u ⊂ [n] and returns a
number. Define operator A by

A[F ](u) =
γβ2

αϵ
[F (N(u))− F (u)]

▶ Summarize inequality 10 as

∂tHt(u) ≤ (A− α)Ht(u) + C0(u) (11)
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One-step estimate: operator A as generator

Define Λ(t) as a Poisson process with rate λ := γβ2

αϵ starting at 0. Then,
consider the subset-valued jump process Xt = NΛ(t)(X0),Xt ⊂ [n]. Let us
calculate the generator of this process.

Lf (u) = lim
t↓0

1

t
[E[f (NΛ(t)(u))]− f (u)]

= lim
t→0

1

t

[
−f (u) +

∞∑
k=0

e−λt (λt)
k

k!
f (Nk(u))

]

= lim
t→0

1

t

[
−f (u) + e−λt f (u) + e−λt(λt)f (N(u)) + o(t)

]
= lim

t→0

1

t

[
(e−λt − 1)f (u) + e−λt(λt)f (N(u)) + o(t)

]
= λ[f (N(u))− f (u)]

Therefore, A is the generator for the process Xt , which means:

▶ etAf (u) = E[f (Xt)|X0 = u];
▶ as a consequence, if f ≤ g , etAf ≤ etAg ;
▶ if f (u) ≤ f (N(u)), then the map t 7→ etAf is non-decreasing in t.
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One-step estimate: integrate in time

▶ Via Duhamel’s principle, integrate from 0 to h

Hh(u) ≤ e(A−α)hH0(u) +

∫ h

0

e(A−α)(h−s)C0(u)ds

▶ Claim: C0(u) ≤ C0(N(u)). Indeed, |N(u)| ≤ |N(N(u))|, and by
chain rule of KL divergence, the difference H0(N(u))− H0(u) is an
integral of a nonnegative integrand against a conditional measure.

▶ Bound e(h−s)AC0(u) ≤ ehA(u) for all s ∈ (0, h). Then

Hh(u) ≤ e−αhehAH0(u) + e−αh

∫ h

0

eαsehAC0(u)ds

and simplifying

Hh(u) ≤ e−αhehAH0(u) +
1

α
(1− e−αh)ehAC0(u) (12)
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One-step estimate: so far

We have shown:

Hh(u) ≤ e−αhehAH0(u) +
1

α
(1− e−αh)ehAC0(u)

Substituting C0(u) :=
2β4h2

α(1−ϵ)H0(N2(u)) +
β2h(βh+1)

1−ϵ |N(u)| gives

Hh(u) ≤ e−αhehAH0(u)+

1

α
(1− e−αh)ehA

[
2β4h2

α(1− ϵ)
H0(N2(u)) +

β2h(βh + 1)

1− ϵ
|N(u)|

]
Next goal: find the operation acted on H0(u) to seek contraction.
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One-step estimate: regroup terms

Goal: find the operation acted on H0(u) to seek contraction.
▶ Define a ”neighboring” operator N : N [f ](u) = f (N(u))

▶ Things that are not H0: define G (u) = β2h(βh+1)
1−ϵ |u|, then

Hh(u) ≤
[
e−αhehA +

1

α
(1− e−αh)ehA

2β4h2

α(1− ϵ)
N 2

]
H0(u)

+
1

α
(1− e−αh)ehANG (u)

Helpful observations: N and A are linear, and they commute:

AN [f ](u) = Af (N(u)) = λ[f (N2(u))− f (N(u))]

NA[f ](u) = Nλ[f (N(u))− f (u)] = λ[f (N2(u))− f (N(u))]

Therefore, after simplification

Hh(u) ≤
[
e−αh +

2β4h2(1− e−αh)

α2(1− ϵ)
N 2

]
ehAH0(u) +

1− e−αh

α
ehANG (u)

(13)
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Case of polynomial sparsity: setup and strategy

Setup:

▶ For some c ≥ 1, p ≥ 1, maxi∈[n] |Nk+1(i)| ≤ c(1 + kp), ∀k ≥ 0.

▶ Assumed: there exists C0 ≥ 0 s.t. H0(u) ≤ C0|u| for all u ⊂ [n].

▶ The monotonicity of etA and N allows us to replace H0(u) with |u|
in the estimate.

Thus we study how etA and N act on size function S(u) := |u|. We will
take ϵ = 1

2 .
Note that because A and N commute, if we iterate the one-step estimate
for k steps, we encounter ekhA instead of ehA, and the other operation[

e−αh +
2β4h2(1− e−αh)

α2(1− ϵ)
N 2

]
is just repeated.
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Case of polynomial sparsity: action of N and A

First, |Nk+1(u)| ≤
∑

i∈u |Nk+1(i)| ≤ c(1 + kp)|u|, so NS ≤ cS .

Next, for ehA: (using c ≥ 1)

ehAS(u) = E[S(Xh)|X0 = u] = E[|NΛ(h)(u)|] =
∞∑
l=0

|Nl(u)|P(Λ(h) = l)

≤|u|P(Λ(h) = 0) +
∞∑
l=1

c(1 + (l − 1)p)|u|P(Λ(h) = l)

≤c(1 + 0p)|u|P(Λ(h) = 0) +
∞∑
l=1

c(1 + lp)|u|P(Λ(h) = l) = c |u|E[1 + Λ(h)p]

Poisson moment bound: E[Λ(h)p] ≤ (λh + p)p.
Thus we have

ehAS(u) ≤ c(1 + (λh + p)p)|u| = c(1 + (λh + p)p)S(u)
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Case of polynomial sparsity: towards multi-step estimate

Observation:

▶ N - multiplication by a constant per application

▶ etA - size grows in polynomial speed as propagated forward

▶ Therefore, directly looking at the multi-step estimate, we only need
the base in front of ekhAH0 to be less than 1 to beat the polynomial.

Using monotonicity and commutativity of etA and N , (taking ϵ = 1
2 )

Hkh(u) ≤
[
e−αh +

4β4h2(1− e−αh)

α2
N 2

]k
ekhAH0(u)

+
1− e−αh

α

k−1∑
j=0

[
e−αh +

4β4h2(1− e−αh)

α2
N 2

]j
e(j+1)hANG (u)

(14)

We need e−αh + 4β4h2

α2 (1− e−αh)c2 < 1
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Case of polynomial sparsity: conclusion

The constant is essentially e−αh + O(h2)(1− e−αh).
Assume h ≤ h∗ := α

4cβ2 . If h ≤ h∗, we have

e−αh +
4β4h2

α2
(1− e−αh)c2 ≤ e−αh +

1

4
(1− e−αh) = 1− 3

4
(1− e−αh)

Clearly the constant is less than 1, but let’s clean up:

▶ since α ≤ β, c ≥ 1, we have αh ≤ α2

4cβ2 ≤ 1
4

▶ 1− e−x ≥ e−
1
4 x for all x ≤ 1

4 , because at x = 0 they coincide, and
d
dx (1− e−x) = e−x ≥ e−

1
4 for all x ≤ 1

4

Thus

1− 3

4
(1− e−αh) ≤ 1− 3

4
e−

1
4αh ≤ 1− 1

2
αh ≤ e−

αh
2

where we used 3
4e

− 1
4 > 0.5 and 1− x ≤ e−x .

This completes the proof of convergence. We also note that the bias
term G depends on the dimension of u, not the whole system.
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Case of exponential sparsity: overview

Setup:

▶ Assume: there exists 1 ≤ r < 1 + α2

γβ2 , c ≥ 1 such that for each

k ≥ 0, any i ∈ [n], maxi |Nk+1(i)| ≤ crk .

▶ As before NS ≤ cS

▶ etAS(u) ≤ c |u|E[rΛ(t)] ≤ ceλ(r−1)tS(u) - no more polynomial
growth.

Overall bound:[
e−αh +

2β4h2(1− e−αh)

α2(1− ϵ)
N 2

]k
ekhAH0(u)

≤ C0

[
e−αh +

2β4c2h2(1− e−αh)

α2(1− ϵ)

]k
ceλkh(r−1)|u|

Two degrees of freedom: ϵ and h. Make ϵ close to 1 and h small to
obtain contraction and conclude.
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Conclusion

Lacker-Zhou has another section on the case of ”weak” interactions,
which replaces the graphical model of potential V with another model
where the form of V is more specific. There the analysis is similar in
spirit but different in technical details, because in that case the operators
N and A do not commute.
Thank you!
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