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Introduction

@00

» Consider the overdamped Langevin dynamics:
dX; = —VV(X,)dt + v2dB, (1)
and its Euler-Maruyama discretization
Xies1yh = Xen — hV V (Xen) + V2(B(ie1)n — Bin) (2)

» Continuous dynamics: the distribution of X; converges to stationary
distribution 7 o< e~ V.

» Discrete scheme: the distribution of Xy, converges to a biased
stationary distribution 7p,.

» Convergence and bias bounds in W, distance (O(v/dh)) proved by
coupling argument.

Overdamped Langevin Convergence Kaiwen Zhang



Introduction
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» The KL divergence of p w.r.t. a base measure v is (when they both
have densities)

- p(x)
HV(p) - /n p(X) |0g V(X) dX
or generally when p << v
dp

(x)log f(x)dv(x),f = —

Hy(p) = i

f
Rn

» The relative fisher information of p w.r.t. v is

5o = | o

or more generally

Ju(p) = /Rn IV log F(x)||Pdp(x), f = %

Vlogfjg;Hde
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Introduction
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A probability measure v is said to satisfy the Log-Sobolev inequality with
constant « if for any probability measure p,

H,(p) < %Ju(p)

Or, equivalently, for any smooth g such that E,[g?] < oo,

2
EV[gz IOggZ] - EV[gZ] |°gEU[g2] < EEV[HVgHZ]

» Any strongly log-concave measure satisfies the log-Sobolev
inequality (Bakry-Emery); preserved under bounded perturbations.

» Theorem (Otto-Villani): any measure v satisfying the log-Sobolev
inequality also satisfies the Talagrand inequality, i.e. for all
probability measures p, $ Wa(p,v)? < H,(p)

> (Lacker-Zhou) If m ox e~V satisfies log-Sobolev with constant a and
VV is B-Lipschitz, then a < 3.
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Convergence of overdamped Langevin

@ Derive a Fokker-Planck equation satisfied by the distributions of
interest
@ Using the PDE, differentiate the KL divergence in time: one needs
to resolve the technicality in differentiability -
> use regularity theory of the Fokker-Planck equation to gain enough
derivatives,
> use the weak formulation to differentiate, or
> use density of smooth compactly supported functions in distributions
to somehow approximate
© Extract a negative definite term using the log-Sobolev inequality,
and examine the rest:
> For continuous dynamics 1, there is no other term;
> For discrete dynamics 2, there is a time-discretization error term;
@ Use log-Sobolev and Talagrand inequalities and other statistical
bounds to treat the error terms, and deduce a differential inequality;

@ Conclude the decay estimate via integrating the above inequality.
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Assume: the target measure 7 satisfies log-Sobolev inequality with
constant «.

Denote p; as the distribution of X;. Suppose f is smooth and compactly
supported in R”, apply Ito’s formula and use dX; = —V V/(X,)dt +/2dB;

f(Xe) = f(Xo) — Z /Otajf(xs)aj V(Xs)ds + Z /Otajf(xs)ﬁdsg
J=1 j=1

n t
+ Z/ OPF(Xs)ds
j=170
The second term has zero expectation. As a result:
t t
BIF(X)] = B0 — B[ | VF(X)- VV(X)ds] + B | A7(x)ds
0 0
and differentiation gives
d
EE[f(Xt)] = —E[Vf(X:) - VV(X:)] + E[Af(X:)]
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Convergence of overdamped Langevin

We use the pairing notation E[f(X;)] = (p¢, )

» Left: %]E[f(xt)] = % fR" fpt = fR” %(fpt) = fR” f%pt = <f, atpt>
» Right: divergence term:

In spacial integration, the second term vanishes. Thus

— [ 5TV = BTN TVOO] = (T (0T V)
RI‘I
» Right: Laplacian term: using uAv =V - (uVv) — Vu - Vv twice
BIAMX) = [ paf = [ fBp=(f. )
Rn ]Rn
Thus p; solves in distributional sense:
Pt
Orpe =V - (ptVV) + Dpy =V - (Ptv log ?) (3)
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Convergence of overdamped Langevin

O:Hr(pt) = at/pt log % = 8t/ﬂt log pt + p:V
= /(atpt) log pr + O¢pe + VOrpr = /3tpt(|og pe+V)+0
= /(atpt) log % = /v (ptVV + Vp;)log %

:*/(PtVV+th)~V|Og%If/pt(VV+ v”f).wog&

Pt T

- —/pt(—wogﬂv'ogpt) Viog”t = —/pt Vig || = ~Ji(pe)

If 7 satisfies the log-Sobolev inequality, we have —J(p;) < —2aH;(p:)-
Thus 0:Hx(p:) < —2aH.(p:) and then we deduce

d

<7 (6 Hx(p1)) <0, s0 Hr(pe) < e™***Hr(po)
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Convergence of overdamped Langevin

Recall the scheme

Xkt 1yh = Xin — YV (Xin) + V2(Bies1yn — Bin)

Target density 7: assume

» the target density m o exp(— V) satisfies the log-Sobolev inequality
with constant a.

» VV is Lipschitz with constant 5.
Step size h: assume

» h< 4ﬁ2
» Consequently: h < i (since a < )
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Convergence of overdamped Langevin
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Consider a one-step interpolation, i.e. for 0 <t < h
Xe = Xo — tVV(Xp) + V2B,

Denote pj, as the distribution of Xj,. Goal:
2
H(pn) < e “"Hr(po) + 5(2/7,752 + 2h*nB3) (4)

Afterwards, we iterate the estimate for k steps to get:

2

Sa(i—omomy (208" +20°5) - (5)

Hy(pin) < e *"H, (po) +
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Convergence of overdamped Langevin

[e]e] JeloYele]e}

Similar calculations:
E[f(X:)] = E[f(Xo)] — E[/Vf(Xs) - VV(Xp)ds] + IE[/Ot Af(Xs)ds]
%E[f(Xt)] = —E[VFf(X:) - VV(Xo)] + E[Af(X¢)]
By def'n of conditional expectation: E[XY] = E[XE[Y|X]]. Then
%E[f(xr)] = —E[Vf(X;) - E[VV(Xo)|X:]] + E[Af(X:)]
so p; satisfies the following equation in a distributional sense:

Oepr =V - (peb(x, t)) + Dpe

where b(x, t) = E[VV(Xo)| X = x] is a vector field.
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Convergence of overdamped Langevin

[e]eYe] ToYeleTe}

» Seek: the negative-definite term in continuous dynamics
» Add and subtract:

Oepe =V - (peVV + pe(b(x, 1) = VV)) + Ape
Similar calculations for 0;H,:(p;) (all integrals over R" unless specified)
Pt
OeHx(pr) = /(5tﬂt) Iog;

= [[7-GTV) + Bodiog 2 + [ 7 [pu(b - TV)]log 2

= —Je(pe) — / pe()[E[V V(X0)[Xe = x] = VV(x)] - V log Ijrt((;)) *
)

= —Ju(pe) + /R PGV V(x) — B[V VX)X, = x]] - Vlog 22

) dx
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Convergence of overdamped Langevin

[e]eYe]e] YeleTe}

» Error comes from time-discretization.
> Using u-v < |lull - [Iv]| = 2[lull - 3]IVI] < [lul® + Z VI,

2

1
8tH7r(pt) < —Jw(,Ot) + 2 /Pt

Vlog&
T

2
+E

HV V(X:) — E[VV(Xo)| Xt]

2

= () +E (©

HV V(X:) — E[VV(Xo)| Xt]

» VV(X;) is X;-measurable; apply conditional Jensen:

E[|VV(X:) = E[VV(X0)|X]IIP] = E[|E[VV(X;) — VV(Xo)|Xc]|I?]
< E[E[|VV(X:) — VV(Xo)[2X:]] = E[|VV(X:) — VV(Xo)I’]
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Convergence of overdamped Langevin

00000800

» Apply Lipschitz condition on V'V, def'n of X;, independence
between Xy and B;:

E[|VV(X:) = VV(X0) %] < BZE[[|X: — Xo|]
= B°E|[|-tVV(Xo) + ﬁBtlﬂ = B(CE[|VV(X0)[1%] + 2E[[| B [I*])
= FEE[|VV(X0)|?] + 2tn5

» No info on distribution to Xy, so bridge to w: V r.v. Y ~ 7

E[|VV(X)[P] = E[|[VV(Y) + VV(X) — VV(Y)|]
< 2E[|VV(Y)|?] + 2E[|VV(Xo) — VV(Y)|?]
< 2nB + BE[|| X — Y|°]

» Choose Y with optimal coupling s.t. E[||Xo — Y||?] = Wa(po, )?
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Convergence of overdamped Langevin
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v

Otto-Villani: log-Sobolev imples Talagrand, W(po, m)? < 2 Hx(po);

Error term estimate:

v

BITV(X) — PVOG) ] < 260 + 2605 + 4 (p0)

v

In inequality 6, use log-Sobolev to relate J.(p;) and H;(p:):

3 ) s 3 423
OcHr(pe) < =7 Jn(pe) + 20" +2t°n5" + ———Hx(po)
2 4
<2400+ 2 Mo (o) + 20052 + 26205

v

Upper bound error by replacing t with h, integrate from t = 0 to h:

He(pp) < |e %" + w(l e %) Hﬂ(po)+i(2hn62+2h2nﬁ3)
- 302 3a
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Convergence of overdamped Langevin

» Goal: coefficient in front of H,(pg) is less than 1

8h?g* 88* o _ 1
»Uset h< 7 = 5a7 <3016 — 6

7
l—eX<x = 1—e %" < 3h

T,andh<3ia — %S%
» Overall estimate:
_3an  8H2B% _3ah
2+ 302 (1—e"2)
<o 13w Loy
- 6 2 4
OL 1 OL
=e 2 (1+ 4Ozhe b )_ e 2 (1+ 40¢he2)

3ah o

3ah 1
<e 2 (1+ ah)<e Te? =e

>

» Hence we have proved the one-step estimate
2
Hx(pn) < e “"H.(po) + 3—(2hnﬁ2 +2h°nf3)
«

Overdamped Langevin Convergence Kaiwen Zhang



Convergence of Marginal Distributions

000000000

» X: € R". Denote the set of indices as [n] = {1,2,...,n}. We use
u C [n] to refer to a subset of dimensions.

» X/ means the dimensions in u of variable X;, p{ refers to the
marginal distribution

> Given 7 oc e~V form a graph whose vertices are indices [n]. Define
i~ jif 05V is not identically zero.

» V,f means the gradient of f in the directions in u

» N(u) = Uje,N(i) is the neighborhood of u. Note that V,V only
depends on the coordinates in N(u)

Recall the scheme:

Xkt1)h = Xew — WV V(Xin) + V2(Bxr1yn — Bin)

Notation: for u C [n], denote

Hi(u) = Hxo(py)
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rgence of Marginal Distributions
000000

On target distribution 7:
» 7 ~ exp(— V) satisfies the log-Sobolev inequality with constant a.
» the potential V is such that VV is Lipschitz with constant (3.

» there exists v > 0 such that for any v C {1,2,...,n},x* € R, and
any probability measures p on RY, we have

2 2
BTV x)] ~ Byarl TV Y = <2 < 225 H (i)
Here, the notation ﬂﬁ(”)\ulu means the conditional distribution of

N(u) coordinates under an overall joint distribution 7, given that
the u coordinates are x".

On initial condition:
» there exists Co > 0 such that Hy(u) < Golul| for all u C [n].

Conditions on step size h depends on growth conditions on the size of
neighborhoods Ny (u). Will specify later.
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ce of Marginal Distributions

(e]e]e}

Suppose dX; = —VV/(Xo) + v/2dB; for 0 < t < h. Expand via lto:

H(XY) = H(XY) +Z/ Dip(X Z/ 0;0( X“)d >

ieu IJEu

Using the SDE for dX;, one term vanishes in expectation, so after time
differentiation:

d
SElO(XE)] = —E[Vuo(X) - Vi V(Xo)] + E[Aue(X)]
Make everything dependent on p{ using conditional expectation:
d
S Ele(Xe)] = —E[Vuo(X) - E[VLV(X0) I X{] + E[Aud(X)]
This is the distributional form of the Fokker-Planck equation
Duplt = Vo (p2bY(x, £))+Aupt, where bU(x", t) = B[V, V(Xo)| X2 = x"]
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Convergence of Marginal Distributions
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Closer view:
Oepi = V- (prb"(x", 1)) + Aupt (7)

bY(xY,t) = E[V,V(X0)| X} = x"]
Recall:
» coefficient in full-dimensions continuum dynamics - VV.
» Vu(x) depends on coordinates in N(u).
Two sources of error:
» time discretization - inferring info on Xy based on X;

» spacial localization - inferring info on N(u) based on X!.
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Convergence of Marginal Distributions
0000@e0000

Differentiate KL divergence (formally):

”Iogp—?:— p“logp“—i Py log "
G tode )t

dat Pt

u

u pu upu u u p
:/(arpt)log;ﬂ:/vu-(ﬂtb (x ,t)+Vupt)|og;tu

upu u u pu
—— [(5,0) + Vupt) - Vulog 2
» Q: what coefficient multiplied to p} can give us the term
p?”Vu log % 27
» A: =V, log Y. (Note: it is not V,V)
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Convergence of Marginal Distributions
[e]e]elee] lelele)

Add and subtract to reveal the negative definite term:

Pt
lo
dt Pt g

== /(_pgvu log " + Vup;) - Vy IOg P

+ pi(bY(x",t) + V, Iog7r )V Iog pt

.

» The first term we keep, the second term we bound.

A\ Iog pt + pi(bY(x", t)+ Vylogn") -V, Iog pt

» Bounding the 2nd term should eat away some of the constant in the
first term and leave us with E[||b%(X¢, t) + V, log m*(X)|?].

> Could do this by either u- v < ||u[* + ||v]|* (Vempala-Wibosono)
or by completing the square (Lacker-Zhou).
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ce of Marginal Distributions

@00

Arrive at the bound: (recall p¥ is the distribution of X{)

1 1
OeHro(pt) < =5 Jus(pf) + SE[[I6Y(XY, £) + Vulog " (X)I?] - (8)

Study the error term:
» first, b(X¢, t) = B[V, V(Xo)| X!];

» whereas:

Valogn(x!) = — s Vur(x’) = =05V [ nlixt)dx
ylog T (x _ﬂ“(x”) o (X _7T”(X”) o [ (X, x")dx

= #VU/G_V(}’XU)dY

m(xv)
o= V(EX")
= f/VUV(Y,x”)idY
U (x4)

= —Ey . [V.V(Y)|Y" = x"]

Overdamped Langevin Convergence Kaiwen Zhang



ce of Marginal Distributions

oeo

Idea: separate error into two terms, one for time discretization, one for
what's left.

For any e € (0,1), (x + y)? < 1x2 + )2, so:

E[|b“(X¢', t) + Valog (X))

=E[||6*(X¢, 1) = [V, V(Xe) | X¢] + B[V V(Xe) | X{] + Vi log 7 (X)17]

1
Sl—E[Hb“(Xt”, t) — E[V, V(X)X ] ... "continuity term”
—€

1
+ EIE[||E[VUV(Xt)|Xt“] + V,log m(X/)|I?] ... "hierarchy term"
1
<7 EllIVaV(X0) — VuV (X))

+ 2BV, VX)X~ EvenlV V(Y)Y = X
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Convergence of Marginal Distributions

00000000e

» Supposing 7 satisfies the log-Sobolev inequality, its marginal 7 also
obeys the log-Sobolev inequality with the same constant - switches
J back to H.

» Thus for any € € (0,1) we have
OcHre(pf) < —aHro(pf) + At(u) + AR (u) (9)
where

At(u) =57 E[IVuV(X0) = Vu V(X))

1
219
A(0) =[BT,V (X)X =]
~ By s [V VY|V = <] (x")
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f Marginal Distributions

» V,V is a S-Lipschitz function of coordinates in N(u).
» Denote w = N(u). Then: (|w| means no. of coordinates in w)
E[[[V,V(X0) = VuV(X)IIP] < B2E[lIX — X5 |I°]
= FPE[ll -tV V(X0) + V2B
= B[V V(X0) %] + 282t w]
Treat E[|| V., V(X0)||?]: try the Vempala-Wibisono argument via coupling
E[[[Vw V(Xo)[I?] < 2E[[| Vi V(X0) — Vi V(Y)[?] + 2E[[|V.W V(Y)|]
< 26°E[|1 X" — YN 2) 4 2B[| VW V(Y)]

» To bound 1st term: vary Y over all random variables with N(w)
marginal 7V(")  select optimal coupling
» To bound 2nd term: sample the remaining coordinates of Y by
conditioning 7 on the N(w) coordinates.
Then the 1st term becomes Wasserstein distance, and the 2nd term is
bounded using the generator. There is another approach though. . .
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f Marginal Distributions

Lacker-Zhou: appeals to Kantorovich duality

» For any continuous functions f, g such that
FxNM) — g(yNW)) < [|xNW) — yNW)|2 for pN™)_almost every
NW) and 7V()-almost every yM() one has

/fdpév(w) —/gdwN(W) < W (pg ™, 7))

> Choose F(x")) = 515 |V, V(x"))||?, and
g(y"™) = VW V"),

» Pointwise,
[V V(N2 < 282||xN0) — y VW) |12 4 2|7, v (y M) |12

» Therefore f(xN(W)) — g(yN(W)) < ||xN(W) — y’\’("")||2

X
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f Marginal Distributions

Note that since V,,V only depends on N(w) variables,

Y VN dpd ™) = B[V, V(X0) |
RN(w)

Apply Kantorovich duality:

E[nv VOOIP] — SEA[VWV(Y)[?] < W2, 7))

B

Rearrange
E[[|V. V(Xo)I2] < 282W2(py' ™), 7)) 4 2B, [|| V., V()]

The marginals satisfy the Talagrand inequality. Thus

E[||Vw V(Xo)| 1<iHﬁmw)( 0 4+ 2B ||V V()]
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f Marginal Distributions

Now treat B [|Vw V(Y)|?]
E [V V(Y)[?] = / Vo V() VuV(y)e VWdy

- / VuV(y) - Var(y)dy = / AV ()r(y)dy = E-[AnV(Y)] < Blw|

Putting everything together,

2
A0) = 5 2 (2 oo () + 28101 ) + 26t
234¢2 2 1
_a(lﬁ—te) TI'N(W)(pO ))+ﬂ tgﬁ_t:‘ )|W|

We might introduce the notation H;(u) = Hru(p¥) and bound t < h to
rewrite the estimate as

1 264/.,2
A= sa=a
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arginal Distributions

Now we treat A2. Recall its definition:

1
At(v) = 5 /H]E[VuV(Xr)IXt” = x"]=Ey~a[Vu V(Y)Y = x"][?p{ (dx")
We specifically had an assumption for this: assume there exists v > 0

such that for any u C {1,2,...,n},x" € R, and any probability measures
1on RY we have

2 2
BTV 5]~ By el TV OO =1 < 25 H ()
Therefore

Al %B / \“'”(pt Gl “)dpy (x")
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f Marginal Distributions

Apply the chain rule for KL divergence: Suppose we have coordinates
x,y, and v, u joint densities on (x,y). Then

Hu(ﬂ) = HVX(/J'X) + / Huy|x(:uy\x)dux(x)

where the subscripted measures are marginals and conditional measures
respectively.

Thus )
22(0) < " (HA(N () ~ He(w)
and we have
4 12 2
DeHe(u) < —aHe(u) + ij_”e)Ho(Nz(u» + ZIIEY )

2
2 (H (VW) ~ He(w)) (10)
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f Marginal Distributions

» Goal: integrate inequality from 0 to h.

» Separate time-dependent terms from time-independent ones.

. 2
» Define Go(u) := Z(B " o Ho(Na2(u)) + %W(UN
(time-independent)

» Suppose F is a function that takes a subset u C [n] and returns a
number. Define operator A by

vﬂz

AlF](u) = ——[F(N(u)) = F(u)]

» Summarize inequality 10 as

OrH(u) < (A — a)H(u) + Go(u) (11)
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f Marginal Distributions

Define A(t) as a Poisson process with rate \ := 'Yf starting at 0. Then,
consider the subset-valued jump process X = Np¢)(&o), X: C [n]. Let us
calculate the generator of this process.

£1(6) = lim 1 B[ (Nage ()] - £(0)]
el k
— 1%% —f(u) +§eAf(A/f!)f(Nk(u))

= lim L[ f(u) + e F(u) + e MODFN(W)) + ot)]
= lim 1[(5“ — 1)f(u) + e MAt)F(N(u)) + o(t)] = A[f(N(u)) — f(u)]

Therefore, A is the generator for the process X, which means:
> e (u) = EB[f(X)| X = ul;
» as a consequence, if f < g, e f < efg;
> if f(u) < F(N(u)), then the map t — e®f is non-decreasing in t.



e of Marginal Distributions

» Via Duhamel’s principle, integrate from 0 to h

h
Hi() < A= Ho(u) + / e(A=0)(h=5) G (1) ds
0

» Claim: Gy(u) < Go(N(w)). Indeed, |N(u)| < |N(N(u))|, and by
chain rule of KL divergence, the difference Hy(N(u)) — Ho(u) is an
integral of a nonnegative integrand against a conditional measure.

> Bound e"=9ACy(u) < eM(u) for all s € (0, h). Then

h
Hp(u) < e MeM Hy(u) + e_o‘h/ e“*eM Co(u)ds
0
and simplifying
1
Hp(u) < e *"eM Hy(u) + ~(1- e M e Cy(uv) (12)
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e of Marginal Distributions

We have shown:

1
Hp(u) < e=MeM Hy(u) + E(l — e MM Cy(u)

Substituting Co(u) := azg“_ii) Ho(Na(u)) + %\N(uﬂ gives

Hp(u) < e~ hePAHy(u)+

A 2ﬁ4 h2

B2h(Bh+ 1)
a(l —¢)

Ho(N2(u)) + ———

T e INGw))

Next goal: find the operation acted on Hy(u) to seek contraction.
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Convergence of Marginal Distributions

00008000000

Goal: find the operation acted on Hyp(u) to seek contraction.
» Define a "neighboring” operator A': N[f](u) = f(N(u))

» Things that are not Hy: define G(u) = MM then

Hh(u) < e—ahehA_i_é(l_e—ah)ehA 2(?_/72)./\/.2 ( )

FL(1 - e MeMNG(u)

Helpful observations: N and A are linear, and they commute:

ANTf](u) = AF(N(u)) = A[f (Na(u)) = F(N(u))]
NA[F](u) = NAIF(N(u)) = £(u)] = AlF(N2(u)) = F(N(u))]

Therefore, after simplification

Hp(u) < |e @ 4 2B4Zz((1 )_a )

2| hA l—e ™ |4
N Ho(u) + ———e™ N G(u)
(13)
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of Marginal Distributions

Setup:
> For some ¢ > 1,p > 1, maxie(n [Nkt 1(7)| < c(1 + kP),Vk > 0.
» Assumed: there exists Gy > 0 s.t. Ho(u) < Golu| for all u C [n].
> The monotonicity of e and N allows us to replace Ho(u) with |u
in the estimate.

Thus we study how e** and N act on size function S(u) := |u|. We will
take € = 3.
Note that because A and N commute, if we iterate the one-step estimate

for k steps, we encounter ekhA instead of €M, and the other operation

2 4h2 1— —ah
efah+ ﬂ ( € )

2
a?(1—e) N

is just repeated.
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First, |[Miy1(u)] < 325y INks1 ()] < c(1+ kP)|ul, so N'S < cS.
Next, for e: (using ¢ > 1)

e"S(u) = E[S(X)|Xo = u] = E[|Nam()] = D [Ni(u)[P(A(h) = /)
=0

oo

<|ulP(A(h) = 0) + > _ e(1+ (I = 1)) |u[P(A(h) = /)

<e(1+0°)|u[P(A(h) = 0) + > c(1 + I7)|ulB(A(h) = I) = c|u|E[L + A(h)F]

Poisson moment bound: E[A(h)P] < (Ah + p)P.
Thus we have

e"S(u) < c(1+ (A + p)P)|ul = c(1 + (Ah+ p)?)S(u)
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Observation:

» N - multiplication by a constant per application

» e - size grows in polynomial speed as propagated forward

» Therefore, directly looking at the multi-step estimate, we only need
the base in front of e¥" Hy to be less than 1 to beat the polynomial.

Using monotonicity and commutativity of e*4 and /, (taking € = )

41201 _ —ah k
Hkh(u) < [e—ah+ 4ﬂh(]('lze)./\/'2:| ekhAHo(u)

1—e N[ L, 48 PA—e) ’ j+1)hA
R [ R,
=
(14)
We need e~ " + 4/1;2;72(1 —e )2 <1
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The constant is essentially e=*" + O(h?)(1 — e~h).

Assume h < h* .= 4%2. If h < h*, we have
45%p? 1 3
e o 4 75 —(1— e*"‘h)c2 <eh4 Z(l — e*ah) =1- Z(l - e*o‘h)

Clearly the constant is less than 1, but let's clean up:

. 2
» sincea < 3,¢>1, we have ah < ;25 < *

4cp32 — 4
» 1—e X > e~ x for all x < %, because at x = 0 they coincide, and
d(l—e™)=e>> e~ forall x < :
Thus
1—§(1—e_"h)§1—§e_%ah§1—1 hge_%h
4 4 2

where we used %e_% >05and 1 —x<e ™.

This completes the proof of convergence. We also note that the bias
term G depends on the dimension of u, not the whole system.
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Setup:

» Assume: thereexists 1 <r <1+ ﬁz,c > 1 such that for each
k >0, any i € [n], max; [Nk, 1(i)| < crk.
» As before N'S < ¢S
> e S(u) < clulE[rND] < cerr=DtS(u) - no more polynomial
growth.
Overall bound:

2ﬁ4h2( —ah
(1 —e)

e—ah

} MAH

4242 e—ahy 1k
<G [ —ah | 23%c Z((1 : ) ce A=)y
(6% — €

Two degrees of freedom: ¢ and h. Make ¢ close to 1 and h small to
obtain contraction and conclude.
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Lacker-Zhou has another section on the case of "weak” interactions,
which replaces the graphical model of potential V' with another model
where the form of V is more specific. There the analysis is similar in
spirit but different in technical details, because in that case the operators
N and A do not commute.

Thank you!
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